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Kubo number and magnetic field line diffusion coefficient for anisotropic magnetic turbulence
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The magnetic field line diffusion coefficienB, andD, are obtained by numerical simulations in the case
that all the magnetic turbulence correlation lengths|,, andl, are different. We find that the variety of
numerical results can be organized in terms of the Kubo number, the definition of which is extended from
R=(6B/B)(I/1,.) to R=(6BI/B)(l,/1,), for I,=1,. Here,l| (I,) is the correlation length alon@erpen-
dicular to the average fiel@,=B,e,. We have anomalous, non-Gaussian transporiRfe0.1, in which case
the mean square deviation scales nonlinearly with time R=ofL. we have several Gaussian regimes: an almost
quasilinear regime for 0&2R=<1, an intermediate, transition regime focR=<10, and a percolative regime
for R=10. An analytical form of the diffusion coefficient is propose[di,=D(6BIZ/BoIX)”(Ii/IX)”I)Z(/IZ,
which well describes the numerical simulation results in the quasilinear, intermediate, and percolative regimes.
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[. INTRODUCTION is, Dy/Dy~I,/1, (see Fig. 9 of Paper).| Considering field
line transport in the case of anisotropy in axially symmetric
Many laboratory and astrophysical plasmas are characteturbulence, that is, when the correlation length parallel to
ized by a well developed spectrum of magnetic fluctuationsBo, I|=l, is different from the correlation length perpen-
This magnetic turbulence influences the plasma behavior iflicular toBy, |, =1,=1,, Zimbardoet al. [24] (hereinafter,
several ways. In particular, particle transport in the plang”aper I) found that the Gaussian regime is reached for lower
transverse to the average magnetic field depends on the fie¥@lues oféB/By the larged /1, , with (6B/Bg)* =1, /1 (see
line random walk due to low frequency magnetic turbulence™ig- 5 of Paper ll, and that the various transport regimes are
[1-6]. This transport is of interest for magnetic confinementconveniently classified in terms of the Kubo number
devices in the laboratorj7—9] and for energetic particle 27,28 For magnetic turbulence, the Kubo number can be
propagation in the heliosphefd0—15, in planetary fore- defined asR=(5B/Bo)(Ij/I,) (see, e.g., Ref429,8)). In

shocks[16], across the Earth’s magnetopaud&€], and in Papeé I it.is f(t)und tha:t fO'RSO'Z t?}grﬁ are anom_glouz, .
extragalactic jet§18]. non-Gaussian transport regimes, which are considered in

Several transport regimes can be found for the magnetiEnOre o!etall In Refs_[_20,22,23. Fo_r 0.2_5Rs_1 ther_e IS an
' . . . . approximately quasilinear Gaussian diffusion regime. In the
field lines, depending on parameters like the magnetic fluc-

. : : strictly quasilinear regime, the magnetic field line diffusion
tuation levelsB/By, thg correlation Iengths of magnetic tur- coefficient should scale as
bulencel,, I, andl, in the x, y, andz directions, respec-

tively, the Fourier spectrum mode[6,11], and the 5B\ 2 |2
dimensionality of turbulencdg11,19-26. Recently, Pom- Dloc(—) |”=R2i; (1)
mois et al. [23] (hereinafter, Paper) found by means of a Bo Iy

numerical study that transport can be anomalous, i.e., super- . ) . .
diffusive or subdiffusive, for low fluctuation levelsB/B,; ~ actually, the scallnzg oD, with Rfound in Paper Il is some-
these anomalous regimes are related to the existence Wihat slower tharR® (see Fig. 7 of Paper )il For R=10 an
closed magnetic surface for low levels of stochasticity. Also2PProximately percolative Gaussian diffusion regif8g is
transport is Gaussiaftiffusive) for 5B/B,=0.2, at least in ound, in which

the isotropic case characterized lpy-1,=1, (the exact defi-

nition of the correlation lengths is given in Sec). IOn the M(E)
other hand, significant anisotropy in the distribution of mag- L7 By
netic turbulence power spectral density is found in many

plasm_as. In Paper | it was s-hown that in the case of anisoHere, D, =D,+D, . For 1=<R=<10 a transition regime is
ropy in the plane perpendicular to the average fiB¢l found (also Gaussian Except for the anomalous transport
=Bye,, the Gaussian regime was reached for larger valuesegimes found forR=<0.2, these numerical findings are in
of 6B/B, the largerl,/l,, with I,/I,>1; indicating by agreement with the analytical results for the quasilinear
(6B/Bg)* the threshold of the fluctuation level to have [1-5] and percolativg[8] regimes. In particular, the exis-
Gaussian diffusion, the approximate proportionalitytence of the percolative regime was confirmed numerically
(6B/Bg)* I, /1, was found(see Fig. 7 of Paper.IFurther, by Ottaviani[19] and by Reuss and Misgui$B0], and ana-

in the Gaussian regime, the diffusion coefficieBtsandD, lytically by Vlad et al. [21] and by Milovanov[31]. Also, a

in the x andy directions were found to be roughly propor- nonquasilinear scaling of the diffusion coefficient with the
tional to the corresponding correlation lengthendl, , that  fluctuation level was found by Gragt al. [11] with a two
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component magnetic turbulence model. We note that the vaectors, andpy are random phases. The Fourier amplitude of
ues of the Kubo numbeR that separate one transport regimehe modes is given by the spectrudB (k) = 1/(k21 2+ ki'i

from another are approximate, and consequently we use the kflf) Y4+112 \wherey=3/2 is the spectral index. The wave

symbol =< to identify the intervals oR. On the one hand, vectors are taken on a discrete grid and Saﬂ@)ﬁkili

this is due to the fact that the transition from one regime to, |, 5> 5 .
the next is gradual. On the other hand, the numerical resul'fsL Kzlz=4m" (see Refs[22,23 for more details Therefore,

also depend on the numerical representation of turbulenc ) each direction the longest wavelength present in the tur-

features like the spectral extension and the spectrum modcgheslcgf r;r?giltrgorretshpeogidnswtlgtitc?rf b%?:i'?}%?ldg?ggﬁ; is a
may influence the values & that mark the transition from Py

one regime to another parallelepiped. The correlation lengths also determine the

Now, in many plasmas all three correlation lengths areshape of the ellipsoid representing the wave-vector distribu-

different, I, #1,#1,, so that it would be interesting to com- tion in k space. Eq“"’%“.o“ﬁ) is integrated numerically to
¥I|eld the field line position for a large number of randomly

bine the results of Paper | and Paper Il in a single expressio X " g
for the diffusion coefficient, at least for a given range of thec_:hosgn starting CO’.‘d'“O”S- The t_ransp(_)rt O.f magnetic field
| lines is analyzed with the generalized diffusion law,

Kubo numberR. In particular, in the solar wind, where a
high level of magnetic turbulence is foundB/By~0.5—-1 (AXD)=2D;s%, i=(x,y). (5)
[32], the turbulence correlation lengths can be very different, ' T ’
with I, /1,~3-10 and,/l,~0.1-10[33]. In such cases, the \Wwhen the anomalous diffusion exponemi=1, we have
Kubo number falls within both the quasilinear regime 0.1normal Gaussian diffusion, whem <1 we have subdiffu-
=R=1 and the intermediate transition regimes®=<10.  sjon, and wheny;>1 we have superdiffusion. In this paper
Also, it would be interesting to understand whether the saye report the diffusion coefficients only in the Gaussian re-
called Bohm scaling of the diffusion coefficient, in which gime, that is, whery;=1+0.1, and, at the same time, the
D, =R, can be reproduced by numerical simulations, for in-yajue of the kurtosis; = (Ax*)/((Ax?))? differs from the
stance, in the intermediate regimesR=<10, since the exis- Gaussian value of 3 by less than 10%. The fitting procedure
tence of this regime has been questioned in R&f5,30. involves two steps, that is, first we check that we are in the
In this paper we extend the numerical simulations of Pagayssian regime by a calculation of the kurtosis and a fit of
per | and Paper Il to the case of “general” anisotroRy  Eq. (5) to calculatee; ; then a second fit is realized setting
%nylz (with some regard to the solar wind turbulence to ,—1 in Eqg. (5), to reevaluate the diffusion coefficierils .
identify the relevant range of parameterand propose an \wjth this procedure we obtain a reduction of the statistical
approximate, analytic form of the diffusion coefficient valid grror on the diffusion coefficients, as these are not influenced
for the Gau;s;ign regimes characterizedR»0.1. To this by the errors one;. In Fig. 1, D, and D, are given as
end, the definition of _the Kubo number ha_ls to be extended t@,nctions of 5B/B,, for various degrees of anisotropy, which
the case,#1,. As discussed later, we find thht can be  gre quantified by the ratio of the correlation lengths and are
substituted by, , with the understanding thatis the largest  jngdicated in the figure caption. The field line diffusion coef-
of the correlation lengths in the plane perpendiculaBio ficients have the dimensions of a length, and are normalized
Then the parameters of the analytical model are fitted to thgitp respect tol,, which is not changed in the numerical
numerical results for the quasilinear, the intermediate, andjmylations, so that the plotted quantities are dimensionless.
the percolative regimes, yielding a satisfactory description ofqy clarity,D, andD, are plotted on two different panels. It
the field line diffusion coefficient foR varying over three ~an pe seen that very different values can be obtained, span-
decades. ning three decades. For a given valued/B,, e.g., 0.4—
0.7, the diffusion coefficient varies by 1.5 orders of magni-
Il. NUMERICAL STUDY tude when changing the correlation length ratios. For small
or moderate values afB/B, some diffusion coefficients are
not given, as transport falls into the anomalous regimes.
Unless one is interested in a single set of valuel of ,
dr  B(r) |, and6B/By, it is not easy to extract the required informa-
d_s:W’ 3 fuon on transport from these results. For instance, when mov-
ing either across the Earth’s magnetopause or for large dis-
tances in the heliosphere, the above parameters change
continuously. Therefore, it would be useful to find an ana-
lytical expression for the diffusion coefficients which
can approximately represent the results of the numerical
simulation.

Following Papers | and Il, we trace the magnetic field
lines by integrating the equation

wheres is the field line length, and the magnetic field at a
location r is B(r)=By+ 6B(r). Here, Bo=Boéz, and the
magnetic perturbatio®B(r) is represented as the sum of
static magnetic perturbatiof0]:

8B(r)= 2, B(k)e,(k)expi[k-r+ 7], (4) IIl. GENERAL EXPRESSION FOR THE DIFFUSION
k.o COEFFICIENT IN THE GAUSSIAN REGIMES

wheredB(k) is the Fourier afnplitude of the mode with wave  The expressions given in Eq&l) and (2) are the typical
vectork and polarizationr, e,(k) are the polarization unit forms for D, in the two limiting regimes, that is, for very
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10" - TABLE |. Parameters obtained in the least squares fit of the
F diffusion coefficients with Eq(6).

Range ofR D )% v Xr

0.1=sR=<1 0.0301 1.67 0.78 2.6
1=R=<10 0.0358 1.19 0.82 1.8
R>10 0.125 0.81 2.4

All cases 0.0270 1.34 0.82 6.7

._.
S
|

ported in the Introduction and in Paper |, Fig. 7, that the
Gaussian regimécorresponding to global stochastigitis
reached for higher values @B/B, whenl,/l is increased,
with |, kept constant. Therefore, the results of Paper | sup-
port our choice fot, and for the Kubo number. Other forms
of I, have been tested, like = \(15+17)/2 andl, = \1,1,,

but the corresponding fit of the diffusion coefficients, re-
ported below, was less good.

Further, we have to consider the influence of the anisot-
ropy I, /1, on the magnetic field line transport. We found in
Paper | an almost linear relation between the diffusion coef-
ficient ratio and the correlation length ratidD,/D,
~(I4x/1y)", wherev should be approximatively 1. Thus an
expression for the diffusion coefficieBx; similar to Eqs.(1)
and (2) and that takes into account all the characteristics
discussed above, might be the following:

10"

._.
S
|

I I I I I
0.1 0.2 0.4 07 1.0

(53 |Z)M 1\ 12
6B/B0 DI_D BO |x (lx) |z, (6)

FIG. 1. CoefficientD, and D, versus fluctuation levesB/B,,
and for different values of the correlation lengths Iy, I,. Di- wherei =x,y, andD, w, andv are dimensionless parameters
mensionless units. The degree of anisotrbpy, in thexy planeis  to be determined. Of course, the quantities in the first paren-
represented by different symbols. Suhgll,=1; stars,l/Iy;=2;  theses correspond to the Kubo number just defired,
triangles, I, /1,=3; circles, I /I,=5; squares],/l,=8; crosses- = (sB/B)(l,/l,). In the second parentheses, giving the de-
circles, I, /l,=10. Solid markers|,/l,=1; open markers|,/l, pendence ob; onl”, we dividedl; by |, in order to have a
=10. dimensionless factor. From the ratio of the correlation
small and very large values of the Kubo number. It can bdengths in Eq(6), a spard, remains which is to be used to
seen that what changes is, basically, the value of the exp&et the physical value of the diffusion coefficients through
nent of R. This suggests that a suitable expression for th&omparison with the turbulence correlation lengths of the
diffusion coefficient in the intermediate regime should be ofproblem under consideration.
the formD, «R1%/l|, wherep is a parameter between 0.7 We present in Table | the parametéds u, andv of Eq.
and 2 to be determined. Moreover, the required form of thd6) obtained with a least squares fit to the diffusion coeffi-
diffusion coefficient should be able to describe as well situ-ciénts reported in Fig. 1. To fit independently each of the
ations where there is anisotropy in the plane perpendicular tdifferent regimes, we grouped the diffusion coefficients ac-
the mean magnetic fiel,. Thus,|, andl, should explicitly cording to the Kubo number and made three subsets of data:

appear in the required expression, and we have to redefine first, diffusion coefficients in the quasilinear regime with
and the Kubo numbeR. In our simulations we consider, 0-1=R<1; second, diffusion coefficients in the intermediate
without loss of generality, the direction as the direction regime with =R=10; third, diffusion coefficients in the
where the correlation length is larger in the plane perpenpercolative regime witlR>10. As an indication of the good-
dicular to By (I,=1,). Whenl,>I,, the wave vectors are Ness of the fit we write in the last columm of the table ﬂﬁe
squeezed along and, since the magnetic fluctuations areobtained in the fitthe reducedy? is evaluated assuming
transverse, most turbulence energy is alangee Paper)l  15% of error on all the diffusion coefficients; this error cor-
Therefore |, is the most significant correlation length in the responds to the statistical uncertainity on the value® of
xy plane, and we will assume thbt=I,. Then the Kubo andD, reported in Fig. 1L We also made a least squares fit
number become®=(5B/By)(l,/l,), aslj=I,. Since the to other analytical forms of the diffusion coefficient, differ-
level of stochasticity depends on the Kubo numtReaper ent from Eq.(6). However, the fit was less good, as indicated
1), the positionl | —1, allows us to understand the fact, re- by x?2.
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S plot in Fig. 2 the best fitting line for the cases having R

10" = <10, with a slope corresponding to the expongnit1.19.
] d Although the cases shown in the figure span three decades of
1 L R, and four decades dd; /[(12/1,)(I;/l,)"], the data points
_ 104 2 follow rather well a piecewise straight line throughout all the
- ] c range ofR, showing that the mathematical form proposed for
S ] i the diffusion coefficient is suitable for the quasilinear, inter-
= 10" = mediate, and percolative diffusion regimes. In particular, the
S% : g spread of the points representimy, (plus signg and D,
g./ ] L (crossep about the fitting line is very limited, especially
0 107 = when compared to Fig. 1, aridl, andD,, appear to be fitted
] F equally well.
] C For 0.1=R=<1 we indicated in Fig. 2 the quasilinear scal-
10°- n ing, u=2, by the dashed line, slightly upshifted with respect
to the data. It appears that the data point almost follow such

L L a scaling for 0.&R=<1, although the slope is somewhat
01 10 10.0 100.0 lower, as indicated in Table I. Conversely, fB=10, the

R points are aligned with the dash-dotted line, which represents
) ) , the percolative scaling characterized foy-0.7[9,24]. Also,
FIG. 2. RatioD; /[(I5/17)(1i/1,)"] versus Kubo numbeR and 5,65 of ;, smaller than 0.7 have been predicted R 1

best fitting line for the data havingIR<10 (solid line). This line . . : -
is extended over the whole rangeRfor comparison with the other [Z;bap%aar‘g(golnbdeeleeds;ht?];rllofheato L;Qﬁe”gggﬁ? dsott'lc:)eoc;nlgrsu-;lnn Fig.

scalings. The dashed line represents the quasilinear scaling and the . . .
g P d g Finally, we note that for some problems involving mag-

dash-dotted line the percolative scaling. Dimensionless units. Sym- . =~ . . .
bols: plus signs foD, ; crosses foD netic field line transport it may be preferable to write the
: o v

equations for the magnetic field lines as

For the cases having GsIR<1, we obtain u=1.67, dr B(r) By+8B(r)
which is smaller than 2, as it should be in the quasilinear d_gz By| = B (7)
regime. This discrepancy is due to the fact that the quasilin-
ear regime is obtained in the limit of small Kubo number, for Here, ¢ has the dimensions of a |ength and is related to the
R<1, not for 0.]:R=<1. On the other hand, fdR<0.1 we field line lengths throughds/dé=|B|/|B,|. Indeed ¢ repre-
find anomalous diffusion «;#1) in our simulations, and sents the length of the unperturbed field lines, i.e., for
thus the diffusion constam; in Eqg. (5) cannot be compared sB(r)=0. This form of the field line equations is appropri-
to diffusion coefficients. Anyway, for the sake of brevity we ate for problems where the field line transport is studied by a
still call the regime with 0.£R=<1 quasilinear. Also, Monte Carlo simulation; see, e.414,15. From Eq.(7), a
v=0.78, which is rather close to 1, as anticipated. In thenew set of diffusion coefficients is obtained as a function of
intermediate regime, $R<10, we obtainu=1.19, as ex- |, l,, andl, [14]. Note that we always have>¢, as the
pected, a value of between 0.7 and 2, and=0.82, which  magnetic field lines meandering because of turbulence are
is close to 1. While the value gi shows a clear transition |onger than the unperturbed field lines. Correspondingly, the
from R<1 to R=1, the value ofv is nearly unchanged, diffusion coefficients found with Eq7) are somewhat larger
which implies that the effect of anisotropy in the plane per-than those reported in this paper. Still, the coefficients ob-
pendicular toB,, is the same in the quasilinear and the inter-tained are fitted equally well by E¢6), and in particular for
mediate regimes. Morever, when fitting separa@jyor Dy,  0.1<R=<10, which is of interest for the solar wind, we find
the fitted parameters change very little, showing that indep=0.03, u=1.5, andv=0.7.
pendent subsets of data lead to the same representation of the
diffusion coefficients. FOR>10 we obtainu=0.81, which IV. DISCUSSION AND CONCLUSIONS
is rather close to the theoretical prediction for the percolative
regime, ©n=0.7. We may argue that simulations with  In this paper we have looked for an analytical form of the
R>100 should fully confirm the percolation scaling. On the magnetic field line diffusion coefficient®, and D, that
other hand, only few runs with,/I,#1 were done in this could describe, within a reasonable approximation, our nu-
regime, so that the determination efis not feasible and is merical results for the diffusion coefficient in the case that all
not reported. Finally, a fit to the diffusion coefficient of all the correlation lengths,, |,, andl, are different. To this
the runs yieldsu=1.34 andv=0.82; in this case th%z is end, in the case of anisotropy in the plane perpendicular to
much larger than in the previous cases. Bo=B,e,, the transverse correlation lendthin the expres-

To better appreciate the significance of the above resultsion for the Kubo number is changed to the larget,ofnd
for w and v we plot in Fig. 2 the ratidDi/[(Iillz)(Ii/IX)V] ly (in our simulations|,=1,). Therefore, the definition of
versus the Kubo number, for all of the 111 cases that ar&ubo number is extended fronR=(6B/B)(l/l,) to
reported in Fig. 1. We use the value 0¥ 0.82, as this is R=(35B/By)(l,/l,), for I,=1,. We find that the diffusion
almost the same for all the regimésee Table). We also  coefficients can be organized in terms of this generalized
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Kubo number even whelR#1,#1,, so that we have anoma- particles in the solar winflLl4,15, across the magnetopause,
lous, non-Gaussian transport fBr<0.1, a Gaussian almost and, in perspective, in plasma confinement devices where the
guasilinear regime foR=<1, an intermediate Gaussian re- turbulence level increases toward the edge of the plasma, as
gime for 1=R=<10, and a percolative Gaussian regime forin reversed field pinches. Our study emphasizes the impor-
R=10. These findings are in good agreement with the resultiance of knowing, besides the turbulence level, all three cor-
of Paper I, where only,=1, was considered. relation lengths in the case of anisotropic turbulence in order
We have further proposed a form of the diffusion coeffi- to determine the Kubo number, the transport regime, and the
cientD;=DRX(l; /1) "12/1,, which can describe well the nu- diffusion coefficients.
merical simulation results in the different regimes. We find
that »=0.8 changes very little from one regime to another,
while x changes fromu=1.67 for 0.E=R=<1, to u=1.19
for 1=R=<10, and tox=0.81 for R=10. In any case, it This work is part of a research program that is financially
appears that the so called Bohm scaling of the diffusion cosupported by the Ministero dell’Universita della Ricerca
efficient, corresponding tw=1, is not recovered by the Scientifica e TecnologiclMURST), the Consiglio Nazion-
numerical simulation§21]. Such an analytical form dD; is  ale delle Ricerch¢ CNR) Contracts No. 98.00129.CT02 and
useful when it is necessary to know the value of the diffusiorNo. 98.00148.CT02, the Agenzia Spaziale Italiai#eS!)
coefficients in situations where the same paramei&i, Contract No. ARS98-82, and the INTAS Open Grant No.
andl,, Iy, andl, are varying. This includes the transport of 97-1612.
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